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Abstract: this paper intends to present the approach which was implemented by Eurostat for producing variance
estimates for the EU-SILC social indicators (at-risk-of-poverty rate, at-risk-of-poverty threshold, Gini
coefficient�). After linearizing the indicators, variance calculations were performed by the software Poulpe, a
SAS macro-based application developed by France's National Statistical Office (INSEE). Variance estimates for
target indicators are set out and some issues in connection with the method are raised.

1. The EU-SILC indicators

1.1. The "Laeken" indicators

In December 2001, the European Council of Laeken endorsed a first set of 18 common
statistical indicators for social inclusion. They will allow monitoring in a comparable way
Member States' progress towards agreed EU objectives regarding income, poverty and social
exclusion.

1.2. Examples

i) The at-risk-of-poverty threshold (ARPT)

This is 60% of the median "equivalised" income. In EU-SILC, incomes are collected at
household level and divided by the household size so as to convert them into individual
incomes. The household size is calculated according to the modified OECD scale: weight 1
for the first adult aged 14 and over, 0.5 for any other adult and 0.3 for the children aged 13 or
less. In particular all the members of a household receive the same income.

ii) The at-risk-of-poverty rate (ARPR)

This is the share of persons with an "equivalised" income below the at-risk-of-poverty
threshold.

iii) The income quintile share ratio (S80/S20)

The income quintile share ratio is defined as the ratio of the total income of the persons above
the top income quintile Q80 over that of the persons below the bottom income quintile Q20:
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iv) The relative median poverty gap (RMPG)

This is the relative difference between the at-risk-of-poverty threshold and the median
income of the "poor" people:

                                 
ARPT
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MEDARPTRMPG POORPOOR −=−=                                (2)

v) The Gini coefficient

The Gini coefficient is a standard measure of the degree of inequality in an income
distribution. It ranges from 0 and 1, with 0 representing perfect equality in the income
distribution (all the units receive the same income) and 1 perfect inequality (one person has
all the income). Let Ri denote the rank of a unit i in the ascending income sorted distribution.
Then, we have:
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1.3. Scope of the document

It aims to present the approach which was implemented by Eurostat for producing variance
estimates for the "Laeken" indicators, taking into account their complex structure as well as
the underlying sample design. This approach is clearly an "analytical" one. In particular, re-
sampling techniques (Bootstrap, Jackknife�) were ruled out as the implementation may be
cumbersome and not easily reproducible at European level.

2. The linearization technique

2.1. Basic idea

It consists of deriving from a "complex" non-linear statistic a linear statistic which has the
same asymptotic variance:

                                                   ( ) 






 ×≈ ∑
∈ si

iis zVar�Var ωθ                                                      (4)

Where:
- s : effective sample
- ωis : sample weight of i in s
- zi : variable whose expression depends on θ�  ("linearized" variable)

Linearizing is the only way to make analytical variance calculations tractable as it solves the
intrinsic problem of the complex structure of the "Laeken" indicators. Basically, two
linearization frameworks were developed:

•  A seminal framework (Taylor series)
•  A generalized framework based on Influence functions
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2.2. The seminal framework: Taylor series

This framework allows linearizing "weakly" non-linear estimators that can be expressed as
differentiable functions of linear estimators:

                                                       ( )p21 Y�Y�,Y�F� L=θ                                                           (5)
Where:

- F is a differentiable function from Rp to R
- iY�  is a linear estimator for the total Yi of a variable yi

Under general assumptions, we have asymptotically: ( ) 
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In this expression, z depends on the p totals Y1, Y2�Yp, which are unknown. In practice,
estimated values are substituted for those quantities and actually calculations are carried out
with the following pseudo-variable:
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2.3. The generalized framework: Influence functions

In case of "strongly" non-linear estimators (like the EU-SILC indicators), i.e. non-
differentiable functions of linear estimators, Taylor series cannot be used and the seminal
framework no longer be applied. A generalized linearization framework covering a broader
class of non-linear estimators was developed (Deville, 1999). The general expression of the
target estimators is:
                                                 ( )M�F� =θ   ("plug-in" estimators)                                      (8)

Where:
- F is a functional
- M�  is the "natural" measure on the sample s, i.e. M� (i) = isω  (sample weight) if i

belongs to s and 0 otherwise

"Plug-in" estimators are used when one wants to estimate parameters ( )MF=θ where M  is
the "natural" measure on the target population U, i.e. M (i) = 1 for all i in U.

Example: Let Y denote the total of a variable y over a population U.  Let yi the value of y on
i. In this situation, the target parameter θ and the corresponding "plug-in" estimator θ�  are:
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Under general assumptions, Deville (1999) shown that "plug-in" estimators can be linearized
as well. A "linearized" variable at k is given by the Influence function:

                                    ( ) ( ) ( )
t

MFtMFlimMIFz k
0tkk

−+== →
δ                                      (9)

δk is the Dirac measure at k: δk(i)=1 if and only if i=k.

In practice, Influence functions are unknown and have to be estimated by substituting the
empirical measure M�  for M:

                                        ( ) ( ) ( )
t

M�FtM�FlimMF�Iz� k
0tkk

−+== →
δ                                     (10)

Deville (1999) shown that variance estimations based on estimated Influence functions are
still valid so long as the sample size is big enough. Most of the commonly used estimators fit
in with the generalized framework. In particular, this framework has been applied to the EU-
SILC indicators.

3. The variance estimation software Poulpe

Poulpe is a SAS macro-based application developed by France's National Statistical Office
(INSEE) for computing variance estimates for linear estimators with respect to a great
number of sample designs. After linearizing the indicators, Eurostat has used Poulpe as
software tool for variance estimation. For a given set of target linear(ized) estimators, Poulpe
will estimate:

- The variances and standard errors

- The lower and upper bounds of the 95% confidence interval (based on a normal
approximation):

                                        ( ) ( ) ( )[ ]θθθθθ �V�2�,�V�2�%95,I�C +−=                                  (11)

- The Design Effect. This is the ratio of the variance with respect to the current sample
design (P) to the variance that would be obtained from a simple random sampling
(SRS) of same size and without replacement:

(12)

Poulpe can deal with total non-response by viewing it as an additional phase of selection and
then applying variance formulas for multi-phase sampling (Särndal and al., 1992). In
addition, the software can assess the impact of calibration weighting on variance by
computing linear regression residuals (Deville and Särndal, 1992).

However, Poulpe cannot deal with item non-response (imputation).

( )
( )yNV

Y�VDeff
SRS

P

⋅
=



EU-SILC Methodological Workshop, Helsinki, 7-8 November 2006

- 5 -

4. Numerical results (SILC 2004)

Variance estimates are available for 13 Countries:

•  Austria (AT)
•  Belgium (BE)
•  Denmark (DK)
•  Estonia (EE)
•  Spain (ES)
•  Finland (FI)
•  France (FR)

•  Greece (GR)
•  Italy (IT)
•  Ireland (IE)
•  Norway (NO)
•  Portugal (PT)
•  Sweden (SE)

Table 1: Estimated Coefficients of Variation CV (%)

AT BE DK EE ES FI FR GR IT IE NO PT SE

Poverty threshold 0.9 1.0 0.1 1.2 0.8 0.4 0.6 1.0 0.6 0.9 0.5 1.5 0.6

Poverty rate 4.6 3.8 0.5 3.2 1.9 3.4 3.0 2.6 1.6 2.7 3.5 3.0 3.8

Male 5.7 4.4 0.4 3.5 2.2 3.9 3.4 3.0 1.9 3.0 4.4 3.2 4.6

Male and 16-24 years 13.9 9.5 0.4 7.5 5.4 7.2 6.5 6.8 4.2 6.5 6.8 7.5 7.1

Male and 25-49 years 7.1 6.3 0.2 4.6 2.8 5.6 4.7 4.1 2.4 4.7 6.8 4.4 7.3

Male and 50-64 years 10.7 9.2 2.0 7.9 4.7 7.6 5.6 5.2 3.8 4.3 16.1 6.3 12.1

Male and 16-64 years 5.9 4.9 0.4 3.7 2.5 3.8 3.6 3.3 2.1 3.2 4.8 3.5 4.8

Male and 00-64 years 6.2 5.2 0.4 3.6 2.6 4.0 3.7 3.6 2.1 3.3 4.8 3.6 4.9

Female 4.6 4.0 0.5 3.8 2.0 4.0 3.1 2.6 1.7 2.9 4.1 3.3 4.5

Female and 16-24 years 11.3 9.4 0.2 7.5 5.1 6.8 5.8 6.6 3.7 5.7 6.6 7.3 7.5

Female and 25-49 years 6.4 5.9 0.4 4.8 2.7 6.8 4.2 3.7 2.1 4.0 8.2 4.2 7.3

Female and 50-64 years 9.6 7.7 3.4 9.1 4.6 8.9 5.7 4.9 3.4 4.5 14.7 6.0 15.3

Female and 16-64 years 5.3 4.5 0.5 4.0 2.4 4.4 3.4 3.1 1.8 3.0 5.1 3.6 5.1

Female and 00-64 years 5.7 4.8 0.5 3.9 2.5 4.6 3.5 3.2 1.8 3.2 5.3 3.7 5.3

S80/S20 2.1 2.9 1.8 3.2 1.6 1.0 1.9 3.7 1.6 2.0 4.2 3.5 1.5

Relative poverty gap 6.9 5.6 4.1 5.4 3.0 4.8 4.3 4.6 2.7 3.7 4.8 4.3 7.3

Gini coefficient 1.7 1.6 1.7 1.5 0.9 0.8 1.6 1.5 0.9 1.5 4.1 1.7 1.2

Mean income 0.9 1.0 0.6 1.3 0.7 0.2 0.8 1.0 0.6 0.9 1.5 1.9 0.5
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Table 2: Estimated Design Effects

AT BE DK EE ES FI FR GR IT IE NO PT SE

Poverty threshold 1.00 1.21 0.85 1.08 1.82 1.14 1.22 1.27 1.60 1.34 1.00 2.20 0.98

Poverty rate 1.00 1.04 0.84 1.10 1.43 1.40 1.13 1.15 1.41 1.30 1.00 1.22 0.96

Male 1.00 1.06 0.85 1.06 1.51 1.41 1.09 1.21 1.55 1.28 1.00 1.39 0.97

Male and 16-24 years 1.00 0.90 0.85 1.07 1.39 1.50 0.99 1.11 1.57 1.39 1.00 1.06 0.98

Male and 25-49 years 1.00 1.10 0.82 1.10 1.45 1.37 1.15 1.14 1.56 1.31 1.00 1.18 1.00

Male and 50-64 years 1.00 1.01 0.87 1.08 1.39 1.23 0.98 1.03 1.36 1.22 1.00 1.07 1.02

Male and 16-64 years 1.00 0.99 0.84 1.09 1.45 1.36 1.03 1.12 1.63 1.33 1.00 1.05 0.98

Male and 00-64 years 1.00 1.07 0.86 1.06 1.52 1.37 1.04 1.27 1.71 1.28 1.00 1.10 0.99

Female 1.00 1.00 0.83 1.12 1.37 1.42 1.13 1.09 1.35 1.31 1.00 1.32 0.95

Female and 16-24 years 1.00 0.91 0.82 1.15 1.34 1.48 1.03 1.12 1.29 1.16 1.00 1.21 0.98

Female and 25-49 years 1.00 1.15 0.82 1.11 1.42 1.35 1.07 1.13 1.46 1.28 1.00 1.16 0.99

Female and 50-64 years 1.00 0.99 0.79 1.09 1.37 1.29 1.05 1.08 1.27 1.28 1.00 1.12 1.03

Female and 16-64 years 1.00 1.00 0.82 1.10 1.39 1.39 1.10 1.10 1.30 1.26 1.00 1.17 0.97

Female and 00-64 years 1.00 1.03 0.84 1.07 1.37 1.32 1.06 1.13 1.33 1.30 1.00 1.30 0.98

S80/S20 1.00 1.04 0.94 1.15 1.63 0.82 0.99 1.18 1.57 1.15 1.00 1.51 0.98

Relative poverty gap 1.00 1.07 0.84 1.07 1.47 1.42 1.12 1.35 1.58 1.29 1.00 0.98 0.96

Gini coefficient 1.00 1.03 0.96 1.26 1.69 0.78 0.98 1.23 1.53 1.10 1.00 1.36 0.99

Mean income 1.00 1.37 0.92 1.16 2.09 0.78 1.12 1.30 1.62 1.24 1.00 2.46 0.98

Most of the results stated above can be expected considering the sampling designs
implemented in each country. National differences can be explained by the effective sample
sizes as well as most of the loss of accuracy for the domain estimates. However, it is worth
pointing out other factors as they may have a strong impact on variance:

•  Clustering: it will harm the quality of Belgium, Spain, France, Greece, Italy and
Portugal's SILC data.

•  Calibration: in our calculations, calibration always makes the accuracy better, but
the impact depends on the calibration model. For example, the low CVs for
Denmark are due to a powerful model (poverty data from registers).

•  Other factors such as random weighting, which increases Deff (see Kish, 1965)
or the allocation of the sample in case of stratified sampling. The latter is likely
to explain the Deff values for Finland, and particularly the differences between the
Gini coefficient and the mean income on one hand (low Deff values) and the
poverty rates on the other (high Deff values).
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5. Some issues

Even though the variance estimates set out in the previous table seem worthy of
consideration, the approach has some drawbacks:

•  The variance estimates may be sensitive to outliers in the income distributions
•  The variance estimates may be sensitive to income density estimation
•  Imputation is not taken into account

5.1. Impact of outliers

Outliers in income distributions can be problematic as they can make variance estimates less
stable, especially for the Gini coefficient, the mean income and the income quintile share
ratio S80/S20. The variance estimates for Norway are the most striking illustration of the
impact outliers can have.

Table 3: Summary statistics of Norway's income distribution

The income distribution has proved to have some outliers, as the next figure shows. The high
value (147%!) for the Coefficient of variation is explained by those outlying observations.

Figure 1: Boxplot of Norway's income distribution

N Minimum Maximum Mean Std Dev CV(%)

15868 -197777.14 17939489.33 247440.29 363844.43 147

2
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After recoding the three outliers and running variance estimation, the following results have
been obtained:

Table 4: Impact of recoding the outliers on CVs

Before recoding After recoding

Poverty threshold 0.5 0.5

Poverty rate 3.5 3.5

Relative Poverty Gap 4.8 4.7

Gini coefficient 4.1 2.2

Mean income 1.5 0.9

S80/S20 4.2 2.3

The impact of recoding appears to be not significant on the poverty threshold; the poverty
rate and the relative median poverty gap whereas it is quite strong on the Gini coefficient, the
mean income and the income quintile share ratio.

This result can be expected as the variances of these three indicators highly depend on the
dispersion of the income variable. For instance, consider the mean income. Let yi denote the
income of a unit i and N the size of the target population. A "linearized" variable at k for the
mean income Y is:

                                                              ( )Yy
N
1z kk −=                                                         (13)

Under Simple Random Sampling without replacement of size n, the variance is:
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Where S2 is the dispersion of the income variable.

Variance formulas, highlighting the effect of the dispersion of the income variable, can be
worked out for the Gini coefficient and the S80/S20 as well.

5.2. Impact of income density estimation

In many linearization formulas, income densities are needed. For instance, a "linearized"
variable at k for the α% - income quantile qα is:
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where f(qα) denotes the income density at qα. In practice, income densities have to be
estimated. Estimated income densities can be pretty instable, especially on the tails of an
income distribution, as the next figure shows.

Figure 2: Income density plot (source: Portugal's EU-SILC data)

Consequently, the impact of income density estimation may be strong on variance estimates
for the income quintile share ratio S80/S20 or the relative median poverty gap. Conversely, the
impact ought to be smaller for the poverty threshold as a median income is used.

5.3. Imputation

Imputation has been resorted to in order to correct individual nonresponse in the income
components. The variance calculations have been carried out without taking imputation into
account. This naïve approach is clearly flawed as imputation has an impact on variance.
Consider the Imputed Horvitz-Thompson estimator of the total ty of a variable y:
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k
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For a non-responding unit k, a value ky� is calculated on the basis of an imputation model M
and substituted for the exact value yk. A (deterministic) imputation model can be stated in the
following form:

(M): kkk uy~y� +=
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In the following calculations, we assume that non-response is ignorable1

*** Result 1 ***

Under a model-based approach, the variance of the Imputed Horvitz-Thompson estimator is
given by:
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Where θ denotes the mean response probability and ( )kMk y�Ey~ =

*** Result 2 ***

Consider now the Imputed Horvitz-Thompson variance estimator:
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This is the classical variance estimator that would be obtained considering the imputed values
as the exact values. This estimator has been implicitly used in Eurostat's calculations as no
specific procedure has been introduced for dealing with imputation. Then, we have:
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As a conclusion, we can say the estimator (17) is almost unbiased for the variance of the
Imputed Horvitz-Thompson estimator. In general, the variance (16) is greatly inferior to that
of the Horvitz-Thompson estimator based on the exact values. This result is generally
observed with deterministic imputation methods. To avoid it, one would prefer random
imputation methods, which will reduce variance distortion but, on the other hand, may
increase bias burden.

6. Conclusion

The approach for variance estimation that was presented in this paper has three main
advantages:
                                                
1 i.e. non-correlated with the target survey variables
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- It is easily reproducible at European level
- Poulpe is able to deal with many EU-SILC sampling designs
- It has strong theoretical foundations

Nevertheless, despite all the possibilities Poulpe offers, it cannot easily deal with �highly�
complex sample designs. For instance, variance estimation taking a rotational design into
account (each year, one sub-sample is dropped and a new one is substituted for) is
conceptually much more difficult to handle and Poulpe will rely on approximation formulas.
The approach might become less appealing then.
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Appendix: linearization formulas

1. At-risk-of-poverty threshold (ARPT)

1.1. Expression of the indicator as a functional of the measure M

The at-risk-of-poverty threshold, which is 60% of the median "equivalised" income", can be
expressed as:

( ) ( )Mq6.0MTARPT ×==

Where q(M) stands for the median income.

Let C denote the subpopulation, of size NC, in case of breaking down (If no breaking down,
we have C=U=whole population). Let G(M,x) the following function:

( ) ( ) ( )∑
∈
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N
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Then, the median "equivalised" income q(M) meets ( )[ ] 5.0Mq,MG =

1.2. Computation of the influence function

Case 1 (ideal case): we assume that the function ( )x,MGx:G~ a  is derivable and strictly
non-negative.

Then, we have:

( )[ ] ( )[ ]
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So, the influence function at k of q is equal to:
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Case 2: the function ( )x,MGx:G~ a  is not generally derivable so the previous formula
cannot be applied. The solution consists in �regularizing� G~  through Gaussian kernel
estimation:

( ) ( ) ( )∫ ⋅= dtt,xKtG~xG~ K
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It can be easily seen that KG~  is derivable and:
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In conclusion, the influence function at k of the functional q is equal to:
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Finally, the influence function at k for the at-risk-of-poverty threshold is given by:
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2. At-risk-of-poverty rate (ARPR)

2.1.   Expression of the indicator as a functional of M

Using the notations defined in the previous section, we have:

( ) ( )[ ]M,MG100MTARPR λ⋅==

•  ( ) ( ) ( )∑
∈

≤⋅∈=
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i
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N
1X,MG

•  λ(M) is the poverty threshold (no breaking down)
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2.2.   Computation of the influence function

The method is the same as the poverty threshold's one.
If the function ( )x,MGx:G~ a  is derivable and strictly non-negative (ideal case), we have:

( ) ( )[ ]

( ) ( )[ ] ( )[ ] ( )( )

( ) ( )[ ] ( )[ ]{ } ( )[ ] ( ) 







λ⋅λ+λ−λ≤⋅∈⋅=

λ⋅λ+λλ⋅=

λ⋅=

MIM'G~M,MGMINC1
N

Ck1100

MIM'G~fixed MM,MIG100

M,MIG100MIT

kk
C

kk

kk

The influence function ( )MI kλ  of λ (poverty threshold) at k is computed according to the
formula given in the previous paragraph.

Generally, the function ( )x,MGx:G~ a  is not derivable so should be �regularized� through
Gaussian kernel estimation. After calculations and by replacing G~  by its corresponding
�regularized� function KG~ , we obtain the influence function at k for the at-risk-of-poverty
rate:

( ) ( ) ( )[ ] ( ){ } ( )[ ] ( )MIM'G~.100rate_povertyMINC1
N

Ck1.100MIT kKk
C

k λ⋅λ+−λ≤⋅∈=

3. Income quantile share ratio (S80/S20)

3.1. Expression of the indicator as a functional of M

Let q-(M) (respectively q+(M) ) denotes the bottom quantile (respectively the top quantile).
Then, the indicator is equal to:

( )
( )[ ] ( )
( )[ ] ( )

( ) ( )[ ] ( )
( )[ ] ( )

( ) ( )[ ]
( )[ ]Mq,MS

Mq,MSMR

kdMMqINC1INC

kdMMqINC1INCkdMINC

kdMMqINC1INC

kdMMqINC1INC
MT20S/80S

kk

kkk

kk

kk

−

+

−

+

−

+

−=

⋅≤⋅

⋅≤⋅−⋅
=

⋅≤⋅

⋅>⋅
==

∫
∫∫

∫
∫

Where:
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•  ( ) [ ] ( )∫ ⋅≤⋅= kdMXINC1INCX,MS kk

•  ( ) ( )∫ ⋅= kdMINCMR k

3.2. Computation of the influence function

Let ( ) ( )[ ]Mq,MS
1MA

−

=    and   ( ) ( ) ( )[ ]Mq,MSMRMB +−=

Then, the income quantile share ratio is θ = T(M) = A(M).B(M).

The corresponding influence function is:

( ) ( ) ( ) ( ) ( )

( )[ ] ( ) ( )[ ][ ] ( ) ( )[ ]
( )[ ] ( )[ ]

( )[ ] ( )[ ] ( )[ ] ( ) ( )[ ]
( )[ ] ( )[ ]Mq,MIS
Mq,MS

Mq,MSMRMq,MIS
Mq,MS

1
Mq,MS

INC

Mq,MIS
Mq,MS

Mq,MSMRMq,MISMIR
Mq,MS

1

MIAMBMIBMAMIT

k2k
k

k2kk

kkk

−
−

+
+

−−

−
−

+
+

−

⋅−−⋅−=

⋅−−−⋅=

⋅+⋅=

The main difficulty consists in linearizing the functional S(M).

Case 1: the function ( )x,MSx:S~ a  is assumed to be derivable and strictly non-negative.
Then we have:

( )[ ]

( ) ( )[ ] ( )[ ] ( )

( )[ ] ( )[ ] ( )MIqMq'S~MqINC1INC

MIqMq'S~fixed MqMq,MIS

Mq,MIS

kkk

kk

k

⋅+≤⋅=

⋅+=

Case 2: the function ( )x,MSx:S~ a  is assumed not to be derivable so it should be
�regularized� through Gaussian kernel estimation. We obtain after calculations:

( ) ( )∑
∈








 −−⋅⋅
π

=
Ui

2

2
i

iK h2
xINCexpINC

2h
1x,M'S~

In conclusion:

( )[ ] ( )[ ] ( )[ ] ( )MIqMq'S~MqINC1INCMq,MIS kKkkk ⋅+≤⋅=
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4. Relative median at-risk-of-poverty gap (RMPG)

4.1.   Expression of the indicator as a functional of M

The indicator is defined as the difference between the at-risk-of-poverty threshold and the
median income of the �poor� people, taken relatively to the at-risk-of-poverty threshold:

( )
( ) ( )MT
MB
MA100100

ARPT
MEDIAN

100100

ARPT
MEDIAN

1100

ARPT
MEDIANARPT

100RMPG

poor

poor

poor

=×−=

×−=









−×=








 −
×=

4.2.   Computation of the influence function

( ) ( )
( ) ( ) ( ) ( )








+−×−= MIA

MB
1MIB

MB
MA100MIT kk2k

The formula for computing IBk(M) for all k is given in the first paragraph (linearization of the
at-risk-of-poverty poverty threshold).

As regards the functional A(M), it meets the following equality:

( )[ ] ( )[ ]MB,MG
2
1MA,MG ⋅=

Where:

•  ( ) ( ) ( )∑
∈

≤⋅∈=
Ui

i
C

XINC1Ci1
N
1X,MG

•  C denotes the sub-population in case of breaking down of the median gap. If no
breakdown, C=U=total population

•  NC is the size of the subpopulation C
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So, we obtain as influence function for A:

( )[ ] ( )[ ]

( ) ( )[ ] ( )[ ] ( ) ( ) ( )[ ] ( )[ ] ( ){ }

( ) ( )[ ] ( ) ( )[ ] ( )[ ] ( )[ ] ( ) ( )[ ]






 −×+⋅⋅=⇒

×+⋅=×+

=

fixed MAMA,MIGMIBMB'G~fixed MBMB,MIG
2
1

MA'G~
1MIA

MIBMB'G~fixed MBMB,MIG
2
1MIAMA'G~fixed MAMA,MIG

MB,MIG
2
1MA,MIG

kkKk
K

k

kKkkKk

kk

All the terms in the above expression can easily be computed.

5.  Gini index

5.1.  Expression of the indicator as a functional of M

( ) ( )[ ] ( ) ( )
( ) ( )

( )MT

idMINCidM

idMINCidMkdMINCINC1INC2

INCN

INCINCr2
G1

i

iiki

Ui
i

Ui
i

Ui
ii

=

⋅⋅

⋅−⋅⋅≤⋅×
=

⋅

−⋅×
=+

∫∫
∫ ∫∫

∑
∑∑

∈

∈∈

5.2.  Computation of the influence function

Let us denote:

- ( ) ( ) ( ) ( )kdMyidMyy1TMT k
Uk Ui

ki11 ⋅⋅







⋅≤== ∫ ∫

∈ ∈

- ( ) ( )∫
∈

⋅==
Uk

k2 kdMyYMT

- ( ) ( )∫
∈

==
Uk

3 kdMNMT
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We can write then: ( ) ( ) ( )
( ) ( )MTMT

MTMT2MT
32

21

⋅
−=

The influence function of the functional T at k will be equal to:

( )

( ) ( ) ( ) ( ) ( ) ( )[ ] ( ) ( )
( ) ( )[ ]

( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]
( )

( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]

( ) ( ) ( ) ( ) ( )[ ] ( )*
NY

kITYkITN1GkITkIT2

NY
kITMTkITMT1GkITkIT2

NY
kITMTkITMTYT2kITNYkITNY2

MTMT
kTTIMTMT2kTT2IMTMT

k,MIT

3221

322321

2
3223121

2
32

32212132

⋅+⋅⋅+−−=

⋅+⋅⋅+−−=

⋅+⋅⋅−−⋅−⋅=

⋅
⋅⋅−−⋅−⋅⋅=

Let us now consider separately each functional T1, T2 and T3. We easily verify whatever k:

•  ( ) k2 ykIT =
•  ( ) 1kIT3 =

Substituting IT2(k) and IT3(k) in (*) with the two previous values we have:

( ) ( ) ( ) ( )
NY

yNY1GykIT2k,MIT kk1 ⋅+⋅+−−=

The main remaining difficulty consists of calculating the influence function IT1(k) of the
functional T1

( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )itMdyjtdyy1jdMyy1

itMdyjtMdyy1

tMT

ki
Ui Uj

kij
Uj

ij

ki
Ui Uj

kij

k1

⋅δ+⋅⋅











⋅δ⋅≤+⋅≤=

⋅δ+⋅⋅











⋅δ+⋅≤=

δ+

∫ ∫∫

∫ ∫

∈ ∈∈

∈ ∈
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Hence, we have:
( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) k
2

i
Ui

ik
Uj

kjk1

ki
Ui Uj

kij

i
Ui Uj

kijki
Ui Uj

ij1

ki
Ui Uj

kijki
Ui Uj

ij

k1

ytidMyyy1tjdMyy1ytMT

itdyjtdyy1

idMyjtdyy1itdyjdMyy1MT

itMdyjtdyy1itMdyjdMyy1

tMT

⋅+⋅⋅≤⋅+











⋅≤⋅⋅+=

⋅δ⋅⋅











⋅δ⋅≤+

⋅⋅











⋅δ⋅≤+⋅δ⋅⋅












⋅≤+=

⋅δ+⋅⋅











⋅δ⋅≤+⋅δ+⋅⋅












⋅≤=

δ+

∫∫

∫ ∫

∫ ∫∫ ∫

∫ ∫∫ ∫

∈∈

∈ ∈

∈ ∈∈ ∈

∈ ∈∈ ∈

Hence, we get the influence function for the functional T1:

( ) ( ) ( ) ( ) ( ) ( ) ( )∑∑∫∫
∈∈∈∈

≥⋅+≤⋅=⋅≤⋅+⋅≤⋅=
Ui

kii
Ui

kik
Uj

jkj
Uj

kjk1 yy1yyy1yjdMyy1yjdMyy1ykIT

Finally, the influence function at k for the Gini index is equal to:

( )
( ) ( ) ( ) ( )

NY

yNY1Gyyy1yyy1y2
k,MIT

kk
Ui

kii
Ui

kik ⋅+⋅+−−






 ≥⋅+≤⋅⋅
=

∑∑
∈∈


