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In practice the forms of the underlying distributions are very seldom known or there may be
distinct indications that the underlying distributions are non-normal. In such cases the use of the
standard parametric methods assuming normality can be criticized regarding validity and optimality.

Nonparametric methods based on ranks are valid for a broad family of underlying
distributions. It is however often argued that except for simple designs such as matched pairs or
complete randomized design their power tends to be low and their possibilities to test different
hypotheses limited. For example in a randomized blocks design Friedman’s test can be used to test
for differences between the treatments. Since it is based on intra-block ranking its sensitivity is low
particularly if the number of observation in each block is small.

If we make the observations in the different blocks comparable by subtracting from the
observations in each block some estimate of the location of the block - aligning the blocks - we can
rank all observations jointly. This gives us the possibility to construct rank based tests with an
asymptotic efficiency relative the F-test equal to 3/π under the normal shift model (see eg
Hettmansperger and McKean 1998, Hodges and Lehman 1962 and Mehra and Sarangi 1967). The
main purpose of this study is to propose a nonparametric test for the interaction effects in the
randomized blocks design. We will also discuss pairwise comparisons and how the treatment effects
can be tested in the abscence of interactions.

Let blocks and treatments be indexed by i=1,2,...,b and j=1,2,...,t respectively. Suppose there
are nij indexed by k, subjects randomized to block i and treatment j. We assume that yijk is the
observed outcome of a continuous random variable Yijk which can be modelled.

Yijk = µ + βi + τj + (βτ)ij + εijk

where µ is the overall mean; βi is the effect of the ith block, Σiβi=0; τj is the effect of the jth
treatment, Σjτj=0 ; (βτ)ij is the interaction effect of the ith block and the jth treatment,
Σi(βτ)ij=Σj(βτ)ij=0 ; and εijk is the within subject deviation. We assume εijk to be random with mean
0 and variance εσ2 . To isolate the parameter of interest we start by subtracting from the observation
in each block an estimate of the block effect including the overall mean. From the resulting residual
observations we subtract an estimate of the treatment effect. Unless we use the mean this procedure
has to be repeated. In practice however, it is seldom necessary to use more than a few iterations. Let
Zijk denote the final residual observations.

We recommend to estimate the block and treatment effect using the Hodges-Lehmann (H/L)
estimator which is defined as the median of all pairwise means of the observations. It has very good
robust properties. Compared with the mean and the median it is neither sensitive to a few “wild”
observations nor is it sensitive to a gap in the middle of the data set. Let Rijk be the rank of Zijk in the
joint ranking of all the N=ΣiΣjnij aligned observations.

To test the null hypothesis H0:(βτ)11= ... =(βZ)bt  we suggest the test statistic
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. Under the null hypothesis we will expect the

difference between Rij. and (N+1)/2 to be small. The hypothesis of no interaction effects is rejected
when Qβτ is sufficiently large, say when Qβτ ≥ c.

It can be shown that if H0 is true and for each (i,j) 
N→∞
lim  nij/N exists and is positive the statistic

Qβτ is asymptotically chi-square distributed with (b-1)(t-1) degrees of freedom. For finite samples,
however, a sampling experiment showed that the nominal significance levels of the test are closer to
the actual significance levels when the chi-square critical point ( )αχ ( )( )b t− −1 1  is replaced by

(b-1)(t-1) times the F critical point (b-1)(t-1)Fα ( )( )( ),b t N− −1 1 .

Under the normal shift model it can also be shown that the asymptotic efficiency relative to
the F-test is eQ:F=3/π if all nij are equal.

By sampling experiments the validity of the significance levels of the test when using a
F-distribution with (b-1)(t-1) and N degrees of freedom as an approximation to the distribution of
the test statistic was manifested, and the power against different alternatives and error distributions
illustrated (see Table 1).
7DEOH����Power (in per cent) relative to the F-test (under the  normal and contaminated normal shift model) of the Qβτ-
test for interaction effects. Nominal level α=5%. Block and treatment effects estimated by the H/L-estimator.

Number of
blocks and
treatments (b,t)

(βτ/σε Sample
size nij

Error distribution

( )N 0 2, εσ ( ) ( ). , / . ,9 0 5 9 1 0 52 2N ε εσ σ+

ΠQ ΠF ΠQ ΠF

(4,2) 0., 0., 0., 0. 4 4.9 4.7 4.9 4.4
0., 0., 0., 0. 8 5.1 5.2 5.1 4.7

16 4.5 4.5 4.8 4.6
.25, -.25, -.25, .25 4 15.6 16.0 21.6 18.1
-.25, .25, .25, -.25 8 32.9 34.0 44.4 35.8

16 61.3 63.6 78.3 64.3
.5, -.5, -.5, .5 4 56.0 57.5 69.5 61.3
-.5, .5, .5, -.5 8 90.2 91.4 97.1 90.5

(6.3) 0., 0., 0., 0., 0., 0. 4 4.9 4.8 4.9 4.5
0., 0., 0., 0., 0., 0. 8 4.7 4.8 4.7 4.6
0., 0., 0., 0., 0., 0. 16 5.1 5.3 4.9 5.0

.25, -.25, -.25, .25, .25, -.25 4 13.6 14.4 18.0 14.5
0., 0., 0., 0., 0., 0. 8 28.2 29.7 41.5 31.7

-.25, .25, .25, -.25, -.25, .25 16 59.4 61.9 78.1 62.0
.5, -.5, -.5, .5, .5, -.5 4 53.5 55.5 70.1 57.5
0., 0., 0., 0., 0., 0. 8 91.9 93.2 98.0 92.1

-.5, .5, .5, -.5, -.5, .5

The proposed test for interaction effects seems promising. If the null hypothesis of this test is
not rejected a test of the treatment effects can be constructed as described in Mehra and Sarangi
(1967).
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