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1. Definition of the model

The use of autoregressive models with exogenous covariates for panel data is
well established. See for instance Holz-Eakin, Newey and Rosen (1988), Arellano
(1989), Arellano and Bond (1991) and also Rosner et al. (1985). If the shapes of
individual trajectories vary considerably, the ARX-model can be generalised to allow
for individual parameters for each cross-sectional unit. If these individual parameters
are taken as Gaussian random variables, the model can be written as

(1) Yit = fi + Gi1Yit—1F oot PipYit—p + BiXit + ity i ~ N(0,07%)
where X;, = (211 ... @im) areexogenous, 0; = (p; i1 . Gip B ~ Npppr1(6,%),
0=(p ¢1 ... ¢, B) and{e} and {6;} are mutually independent and indepen-

dent of {X;}. Quite often only some of the components of ¢; will be assumed
stochastic. To avoid singularity of ¥ we write 6; in the form

bi=Qui+0 . ¥i~N:i(0,0°5,) (r<p+m+l),

where ¥, 1is non-singular. By defining X7 = (1 yii1 oo Yiiep X5)
Xz* = (X;'k,p+1 X;,n,)/ y Sz = (:%,1 yi,p)/ y }/z = (yi,p+1 yi,n,)/ y
Xi = (Xipt1 . Xin,) and Z; = X;Q we can write the whole model (1) in

the more compact form

(2) Y; = XF0+ Zii +ei , i~ Np,(0,06°1) | i=1,..,N.
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The distributions of the starting values Sy, ....,Sy are not supposed to depend on the
parameters of model (2). Note that assuming +; to be Gaussian does not limit the
support of 4; within the stability region, and thus even allows for explosive individual
trajectories with a positive probability. This is not necessarily a drawback, but rather
reflects the flexibility of model (1).

2. Estimation of the model

The likelihood function defined by Vv; conditionally on S; and +; takes the
form .
Ly,5,4:(0,0%) g (ni=p) eXP{—sz(Yi — X760 — Ziy) (Y — X[ 0 — Zsay) }.
o2



By taking expectations with respect to ; we get the actual likelihood conditional
only on S;. After some manipulations, the resulting loglikelihood can be written as

1 1
(3) log Ly,s,(0, %0, 0%) = — S log | Vi | —5(¥; = X0 V7' (¥ = X70)

where
Vi= oI —Z;(3; 4+ 21 2)7 20 = 02 (1 + Z:8,71)

The result resembles the likelihood corresponding to a standard mixed linear model
(cf. Longford, 1993, pp. 100-106), but its interpretation is now different from the
regular case, because the y;; observations appear in the Xy and Z; matrices as
well. Anyway, the astonishingly simple form of (3) makes likelihood-based inference
methods very attractive. The sampling distributions of the ML estimators and some
testing problems have been discussed by Rahiala (1999).

Conventional computational procedures can also be used to estimate the random
effects, because it can be shown that

(4) E(i | Vi, X7,80) = (851 + Z{2:)7 Zi(Yi = X70) = oS 21V (Vi = X[0)
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RESUME

Nous étudions lutilisation des modéles autorégressifs linéaires avec des coefficients
aléatoires dans l'analyse des données longitudinales. La fonction de vraisemblance et
les méthodes dinférence basées sur cela se montrent ¢tonnamment simples.



